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BRAUER CHARACTERS AND NORMAL SYLOW p-SUBGROUPS
HUNG P. TONG-VIET
Abstract. In this paper, we study some variations of the well-known Itoˆ-Michler
theorem for p-Brauer characters using various inequalities involving the p-Brauer
character degrees of finite groups. Several new criteria for the existence of a normal
Sylow p-subgroup of finite groups are obtained using the p-parts and p′-parts of the
p-Brauer character degrees.
1. Introduction
Throughout this paper, G will be a finite group and p will be a fixed prime. Let
Irr(G) be the set of all complex irreducible characters of G and let IBr(G) be the set
of irreducible p-Brauer characters of G.
In this paper, we are interested in studying the influence of p-Brauer character
degrees on the structure of finite groups. We will relate the p-parts and the p′-parts
of the Brauer character degrees to the embedding of the Sylow p-subgroups of the
group. Several recent papers have been devoted to the study of the p-parts of Brauer
characters and the normal structure of the groups. See, for example [11, 15].
The Brauer character degrees do not behave well with respect to divisibility. In
general, it is not even true that a Brauer character degree divides the order of the
group. For example, if G = McL and p = 2, then G has an irreducible p-Brauer
character ϕ ∈ IBr(G) with ϕ(1) = 29 · 7 while |G| = 27 · 36 · 53 · 7 · 11. So ϕ(1) does
not divide |G|, the order of G and furthermore, the 2-part of ϕ(1) is larger than
the 2-part of the order of G. This cannot happen for p-solvable groups as by the
Fong-Swan theorem [14, Theorem 10.1], for every ϕ ∈ IBr(G) there exists χ ∈ Irr(G)
such that χ◦ = ϕ, hence ϕ(1) always divides |G| in this situation. Recall that χ◦ is
the reduction of χ to G◦, the set of all p-regular elements of G. In general, for each
ϕ ∈ IBr(G), there exists some χ ∈ Irr(G) such that ϕ is a constituent of χ◦ and thus
ϕ(1) ≤ χ(1). Therefore, every Brauer character degree is bounded above by some
ordinary character degree.
If n ≥ 1 is an integer and p is a prime, then we write np for the largest power of
p dividing n. The well-known Itoˆ-Michler theorem for Brauer character states that
a prime p does not divide the degree of any p-Brauer characters of G if and only
if G has a normal Sylow p-subgroup (see [13, Theorem 5.5]). Notice that Op(G),
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the largest normal p-subgroup of G, is contained in the kernel of every irreducible
p-Brauer character of G. Thus this theorem basically says that ϕ(1)p = 1 for all
ϕ ∈ IBr(G) if and only if |G : ker(ϕ)|p = 1 for all ϕ ∈ IBr(G). So, we would like
to know how large ϕ(1)p can be in comparison with |G : ker(ϕ)|p. We first consider
p-solvable groups.
Theorem A. Let p be a prime and let G be a finite p-solvable group. Then
ϕ(1)2p ≤ |G : ker(ϕ)|p
for all ϕ ∈ IBr(G) if and only if G has a normal Sylow p-subgroup.
Thus if G is p-solvable and is not p-closed, i.e., G has no normal Sylow p-subgroup,
then |G : ker(ϕ)|p < ϕ(1)
2
p for some ϕ ∈ IBr(G).
As suspected, Theorem A does not hold for arbitrary finite groups. For p = 2, we
can take G = M22. We see that ϕ(1)
7
p ≤ |G : ker(ϕ)|p = |G|p for all ϕ ∈ IBr(G).
For p = 3, we can take G = Alt(7), the alternating group of degree 7; we have
ϕ(1)2p ≤ |G : ker(ϕ)|p = |G|p for all ϕ ∈ IBr(G). In both cases, G has no normal
Sylow p-subgroup.
Define
µ = µp =


2, if p ≥ 5
3, if p = 3,
9, if p = 2.
For general groups, we obtain the following.
Theorem B. Let p be a prime and let G be a finite group. Then
ϕ(1)µpp ≤ |G : ker(ϕ)|p
for all ϕ ∈ IBr(G) if and only if G has a normal Sylow p-subgroup.
This generalizes several results obtained in [6, 8, 9, 16] for both ordinary and Brauer
characters.
In [4], it was shown that if G has an ordinary character χ ∈ Irr(G) such that
|G|/χ(1) is a prime power, then G cannot be a nonabelian simple group. The number
|G|/χ(1) is called the co-degree of χ. Although other authors called |G : ker(χ)|/χ(1)
the co-degree of χ. The co-degrees of ordinary characters have been studied by
several authors in [4, 5, 17]. Except for p-solvable groups, it makes no sense to
define the ‘co-degree’ for p-Brauer characters. Here is what we could do to extend
Chillag and Herzog’s result to Brauer characters. The idea is to replace divisibility
by inequality. Let χ ∈ Irr(G) be an irreducible ordinary character of G. Suppose
that |G : ker(χ)|/χ(1) = rm for some prime r and integer m ≥ 1. Then |G : ker(χ)| =
χ(1)rm and thus |G : ker(χ)|r′ = χ(1)r′. In particular, we have |G : kerχ|r′ ≤ χ(1)r′.
Now using this inequality for Brauer characters, we can extend Theorem 1 in [4]
to Brauer characters as follows.
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Theorem C. Let p be a prime and let G be a finite group. If
ϕ(1)r′ ≥ |G : ker(ϕ)|r′
for some prime r and some p-Brauer character ϕ ∈ IBr(G), then G/ ker(ϕ) is not a
nonabelian simple group.
If G has a faithful character β ∈ IBr(G) and β(1)r′ ≥ |G|r′ for some prime r, then
G is not nonabelian simple by Theorem C. This gives a nice non-simplicity condition
for finite group. Obviously, if |G| is indivisible by p, then β can be considered as an
ordinary character of G and thus Theorem C is a genuine generalization of Theorem
1 in [4].
It follows from Theorem 2A in [4] that if |G|/χ(1) is a prime power for all χ ∈ Irr(G)
with χ(1) > 1, then G has a normal Sylow p-subgroup for some prime p and G/P is
abelian. Notice that the hypothesis implies that G/χ(1) must be a power of a fixed
prime which is p in this case.
We now suppose that for every ϕ ∈ IBr(G) with ϕ(1) > 1, ϕ(1)r′ ≥ |G|r′ for some
prime r. It is easy to see that there is a unique prime, say s, such that ϕ(1)s′ ≥ |G|s′
for all ϕ ∈ IBr(G) with ϕ(1) > 1. Notice that if p 6= s, then it is not true that G will
have a normal Sylow s-subgroup. For example, take G = Sym(4), p = 3 and s = 2.
Then every nonlinear irreducible 3-Brauer character ϕ of G is faithful and has degree
3; also |G|2′ = ϕ(1)2′ but G has no normal Sylow 2-subgroup.
Theorem D. Let p be a prime and let G be a finite group. Then
ϕ(1)p′ ≥ |G : ker(ϕ)|p′
for all ϕ ∈ IBr(G) with ϕ(1) > 1 if and only if G has a normal Sylow p-subgroup P
and G/P is abelian.
The paper is organized as follows. In Section 2, we will prove Theorems A and B.
Theorems C and D will be proved in Section 3.
2. p-Parts of Brauer character degrees
We first collect some results which we will need for the proofs of our main theorems.
Lemma 2.1. Let P be a nontrivial p-group that acts faithfully and coprimely on a
group H. Then there exists an element x ∈ H such that |CP (x)| ≤ (|P |/p)
1/p.
Proof. This is Theorem A in [12]. 
Lemma 2.2. Let P be a p-group and suppose that P acts faithfully and coprimely
on N, where N is a direct product of some nonabelian simple groups. Then P has at
least two regular orbits on Irr(N).
Proof. This is Corollary 2.8 in [16]. 
Lemma 2.3. Let S be any nonabelian simple group and let p be a prime with p
dividing |S|. Then |Out(S)|p < |S|p.
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Proof. If the pair (S, p) lies in the list
L = {(Alt(7), 3), (Alt(7), 2), (Alt(11), 2), (Alt(13), 2), (M22, 2)},
then the lemma follows easily by checking [1].
Now suppose that (S, p) 6∈ L. By [8, Lemma 1.2], there exists ψ ∈ Irr(S) such
that |Aut(S)|p < ψ(1)
2
p. Since ψ(1) divides |S|, we deduce that ψ(1)p ≤ |S|p so
|Aut(S)|p < |S|
2
p which implies that |Out(S)|p < |S|p as wanted. 
Lemma 2.4. Let S be a nonabelian simple group and let p be a prime. Then S has
a p-block of defect zero or one of the following cases holds:
(i) p = 3 and S ∼= Suz,Co3 or Alt(n) for some integer n ≥ 7.
(ii) p = 2 and S ∼= M12,M22,M24, J2,HS, Suz,Ru,Co1,Co3,B or Alt(n) for some
integer n ≥ 7.
Proof. This is Corollary 2 in [10]. 
Recall that if B is a p-block of a finite group G with defect d = d(B) and assume
|G|p = p
a, then pa−d divides ϕ(1) for all ϕ ∈ IBr(G) (see [14, Corollary 3.17]).
Furthermore, if G has a block of defect zero, then G has a character χ ∈ Irr(G) such
that χ◦ ∈ IBr(G) and χ(1)p = |G|p ([14, Theorem 3.18]).
Theorem 2.5. Let S be a nonabelian simple group and let p be a prime dividing |S|.
Then one of the following holds.
(i) There exists β ∈ IBr(S) such that |Aut(S)|p < β(1)
2
p.
(ii) p = 3 and S ∼= Alt(7).
(iii) p = 2 and S ∼= M22 or possibly Alt(n) with n ∈ {22, 24, 26}.
Proof. Suppose first that S has an irreducible character θ ∈ Irr(S) of p-defect zero.
Then β = θ◦ ∈ IBrp(G) and β(1)p = θ(1)p = |S|p. Since |Out(S)|p < |S|p, we deduce
that
β(1)2p = |S|
2
p > |S|p · |Out(S)|p = |Aut(S)|p.
So in this case, we are in situation (i).
We assume from now on that S has no p-block of defect zero. Then S is isomorphic
to one of the groups listed in Lemma 2.4.
Write |S|p = p
a. Then |Out(S)| ≤ 2 and so |Out(S)|p ≤ p
c with c = δ2,p. Thus
|Aut(S)|p ≤ p
a+δ2,p .
If B is a p-block of S with defect d = d(B), then pa−d divides β(1) for all β ∈
IBr(B). Hence β(1)2p ≥ p
2(a−d) and thus we need to show that either (ii) or (iii) of
the theorem holds or 2(a− d) > a + δ2,p or equivalently
(2.1) d <
1
2
(a− δ2,p).
Now if Case (ii) or (iii) holds, then we are done. So, assume that the pair (S, p)
is not in those two cases.
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Assume first that p = 3. If S ∼= Suz or Co3, then |Aut(S)|3 = 3
7 and S has a Brauer
character β ∈ IBr(S) with β(1)3 = 3
6. In both cases, we see that |Aut(S)|p < β(1)
2
p.
If S ∼= Alt(n), then it follows from [6, Theorem 2] that S has a 3-block of defect d
such that d ≤ (a− 1)/2 < (a− δ2,p)/2, so (2.1) holds.
Assume that p = 2. If S is a sporadic simple group which is isomorphic to neither
Co1 nor B, then by using [7], we can find a Brauer character β ∈ IBr(S) with
|Aut(S)|2 < β(1)
2
2. Assume that S
∼= Co1 or B. Then Aut(S) ∼= S and |S|2 = 2
41
and 221, respectively. Moreover, S has a p-block of defect d = 3 in both cases. Thus
d < (a− 1)/2 and (2.1) holds. Next, suppose that S ∼= Alt(n) with n ≥ 5. It follows
from [6, Theorem 2] again that either S has a block of defect d with d ≤ (a− 2)/2 or
n ∈ {7, 9, 11, 13, 22, 24, 26}. If the first case occurs, then (2.1) holds. Assume that the
latter case occurs. Since we are not in Case (iii), n ∈ {7, 9, 11, 13}. For those values
of n, we can find, using [7], a Brauer character β ∈ IBr(S) with |Aut(S)|2 < β(1)
2
p.
The proof is now complete. 
We now give a proof of Theorem A which we restate here.
Theorem 2.6. Let p be a prime and G be a finite p-solvable group. Then
β(1)2p ≤ |G : ker(β)|p
for all β ∈ IBr(G) if and only if G has a normal Sylow p-subgroup.
Proof. If G has a normal Sylow p-subgroup, then p does not divide the degree of any
p-Brauer irreducible character of G by the Itoˆ-Michler theorem and the result follows.
Now, suppose that
(2.2) β(1)2p ≤ |G : ker(β)|p for all β ∈ IBr(G).
We need to show that G has a normal Sylow p-subgroup. Let G be a counterexample
of minimal order. Since Op(G) is contained in the kernel of every p-Brauer character
of G, we can assume that Op(G) = 1. Let P be a Sylow p-subgroup of G. Then P is
nontrivial.
Observe that if M is any nontrivial normal subgroup of G, then G/M also satisfies
(2.2) and since |G/M | < |G|, by the minimality of |G|, we have that G/M has a
normal Sylow p-subgroup, which is PM/M and so PM ✂G.
(1) G has a unique minimal normal subgroup N and PN ✂ G. Moreover, if N is
nonabelian, then CG(N) = 1.
Suppose that N is a minimal normal subgroup of G. Then PN ✂G by the obser-
vation above. Now, suppose that G has a different normal subgroup, say N1 6= N.
Then PN1 ✂G. By Dedekind’s modular law, we have that
PN ∩ PN1 = P (N ∩ PN1)✂G.
Notice that N ∩ PN1 ✂ G. Since N is a minimal normal subgroup of G, either
N∩PN1 = 1 which implies that P✂G, a contradiction, or N∩PN1 = N . This forces
N ≤ PN1. Hence NN1 ✂ PN1. Since N ∩ N1 = 1 and |PN1| = |P | · |N1|/|P ∩ N1|,
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we deduce that |NN1| = |N | · |N1| divides |PN1|. Thus |N | divides |P | which is
impossible as Op(G) = 1. Therefore, G has a unique minimal normal subgroup N .
Assume that N is nonabelian. Since CG(N) is a normal subgroup of G and does not
contain N , N ∩CG(N) = 1. Now CG(N) = 1 as otherwise CG(N) would possess a
minimal normal subgroup of G which is different from N .
(2) P acts faithfully and coprimely on N . Since N is a minimal normal subgroup
of a p-solvable group G with Op(G) = 1, we deduce that p ∤ |N | so P acts coprimely
on N . We next claim that P acts faithfully on N. Since PN ✂ G by (1) and P
is a Sylow p-subgroup of PN , by Frattini’s argument, G = NG(P )N. Furthermore,
N centralizes and thus normalizes CP (N) and also NG(P ) normalizes CP (N), thus
CP (N) is normal in G. Since Op(G) = 1, we must have CP (N)=1.
(3) N is not abelian. Suppose by contradiction that N is abelian. Then N must
be an elementary abelian r-group for some prime r 6= p. By (2) P acts coprimely and
faithfully on N and thus it also acts coprimely and faithfully on Irr(N) = IBr(N)
as the actions of P on N and Irr(N) are permutation isomorphic. Therefore, by
Lemma 2.1 there exists λ ∈ Irr(N) such that |CP (λ)| ≤ (|P |/p)
1/p which implies
that |P : CP (λ)| >
√
|P |. Observe that NCP (λ) is the stabilizer in PN of λ and
thus there exists θ ∈ IBr(PN) with θ(1) = θ(1)p >
√
|P |. Let ϕ ∈ IBr(G) be
an irreducible constituent of θG. Then ϕ is faithful (since N is the unique minimal
normal subgroup of G) and ϕ(1)p ≥ θ(1)p >
√
|P |. However, this means that |G :
ker(ϕ)|p = |P | < ϕ(1)
2
p.
(4) The final contradiction. We now know that N is a minimal normal nonabelian
subgroup of G and by (2), P acts faithfully and coprimely on N . It follows from
Lemma 2.2 that P has a regular orbit on Irr(N) = IBr(N). So, we can find 1 6= λ ∈
IBr(N) and β ∈ IBr(G) which is a constituent of λG such that β(1)p = |G|p. Clearly
β is faithful and hence β(1)2p = |G|
2
p > |G : ker(β)|p, which is a contradiction.
This contradiction proves the theorem. 
We now consider the general case. The next result is Theorem B.
Theorem 2.7. Let p be a prime and let G be a finite group. Then
(2.3) (β(1)p)
µp ≤ |G : ker(β)|p
for all β ∈ IBrp(G) if and only if G has a normal Sylow p-subgroup.
Proof. Notice that µp ≥ 2. If G has a normal Sylow p-subgroup, then p divides the
degree of no irreducible p-Brauer character of G by [13, Theorem 5.5], hence (2.3) is
vacuously true.
Conversely, assume that (2.3) holds for all β ∈ IBr(G). We need to show that
G has a normal Sylow p-subgroup. Since Op(G) is contained in the kernel of every
irreducible p-Brauer character of G, we can assume that Op(G) = 1.
Let P be a Sylow p-subgroup of G and let N be any nontrivial normal subgroup
of G. Then G/N satisfies (2.3) for all β ∈ IBr(G) and thus G/N has a normal
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Sylow p-subgroup PN/N by induction on |G|, hence PN ✂ G. It follows that G/N
is p-solvable and thus if N is p-solvable, then G is p-solvable and the result follows
from Theorem 2.6. Therefore, we can assume that every nontrivial minimal normal
subgroup of G is not p-solvable.
As in the proof of Claim (1) of Theorem 2.6, G has a unique minimal normal
subgroup N , PN ✂ G and CG(N) = 1. Thus N ∼= S
k for some nonabelian simple
group S with p dividing |S| and some integer k ≥ 1.
SinceCG(N) = 1, G embeds into Aut(N) ∼= Aut(S)≀Sym(k). Let B = Aut(S)
k∩G.
Then G = BH where H ∼= G/B is a subgroup of Sym(k).
Write |S|p = p
a and |Out(S)|p = p
c. Let θ ∈ IBrp(S) be non-principal with p | θ(1)
and let φ = θk ∈ IBrp(N). Write θ(1)p = p
b for some integer b ≥ 1. Let ϕ ∈ IBr(G) lie
over φ. Since N is a unique minimal normal subgroup of G and θ ∈ IBr(S) is faithful,
φ = θk is faithful, so is ϕ. Since G/N is p-solvable, e := ϕ(1)/φ(1) divides |G/N | by
Swan’s Theorem [14, Theorem 8.22]. By our hypothesis, we have (ϕ(1)p)
µp ≤ |G|p.
It follows that
|H|p · |B/N |p · |N |p ≥ (ϕ(1)p)
µp = eµpp (φ(1)p)
µp = eµpp (θ(1)p)
kµp ≥ pbkµp .
As B/N ≤ Out(S)k, we have
|B/N |p ≤ |Out(S)|
k
p ≤ p
ck.
Furthermore, since H ≤ Sym(k), we see that |H|p < p
k/(p−1) so
pbkµp < pak+k/(p−1)+ck ≤ pk(a+c+1),
which implies that bµp < a+ c+ 1/(p− 1) ≤ a+ c+ 1 and so
(2.4) bµp ≤ a+ c.
We now apply Theorem 2.5 for the nonabelian simple group S. We consider the
following cases.
(a) p = 3 and S ∼= Alt(7). In this case, we can take θ ∈ IBr(S) with θ(1) = 6 so
b = 1. Furthermore, a = 2 and c = 0 so a+ c = 2 < 3 = bµp, contradicting (2.4).
(b) p = 2 and S ∼= M22 or Alt(n) with n = 22, 24 or 26. Assume first that S ∼= M22.
Then S has a Brauer character θ ∈ IBr(S) with θ(1)2 = 2 so b = 1. Moreover, a = 7
and c = 1 so a+ c = 8 < 9 = bµp, contradicting (2.4).
Assume next that S ∼= Alt(n) with n ∈ {22, 24, 26}. For these cases, we will use
some 2-Brauer character degrees of Alt(n) which can be found in Proposition 5.2 in
[3], for example.
Let λ = (n − 3, 3) be a partition of n. Since n ≥ 22, we know that λ is a 2-
regular partition of n. It follows from [2] that the simple module in characteristic p,
Dλ, labelled by λ remains irreducible upon restriction to Alt(n) and its dimension is
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given in [3, Proposition 5.2]. We have
dimDλ =


1
6
n(n− 2)(n− 7) if n ≡ 0 mod 4,
1
6
n(n− 1)(n− 5) if n ≡ 1 mod 4,
1
6
(n− 1)(n− 2)(n− 6) if n ≡ 2 mod 4,
1
6
(n+ 1)(n− 1)(n− 6) if n ≡ 3 mod 4.
If n = 22 or 26, then S has a Brauer character θ ∈ IBr(S) of degree θ(1) =
(n − 1)(n − 2)(n − 6)/6 = 1120 or 2000, so b = 5 or 4, respectively. In the first
case, we see that a + c = 18 + 1 = 19 < 9 · 5 = bµp and in the second case
a+ c = 22 + 1 < 9 · 4 = bµp.
Assume next that S ∼= Alt(24). Then S has a Brauer character θ ∈ IBr(S) of degree
θ(1) = 24(24− 2)(24− 7)/6 = 1496 and b = 3. So a+ c = 21 + 1 = 22 < 9 · 3 = bµp,
contradicting (2.4).
(c) For the remaining cases, we have µp ≥ 2 and there exists θ ∈ IBr(S) with
a + c < 2b ≤ bµp , where p
b = θ(1)p. However this contradicts (2.4). The proof is
now complete. 
3. p′-Parts of Brauer character degrees
We first need the following result.
Lemma 3.1. If S is a nonabelian simple group, then |S| > |S|2r for all primes r.
Proof. We can assume that r divides |S|, where S is a finite nonabelian simple group.
If S has an r-block of defect zero then it has a character χ ∈ Irr(S) with χ(1)r = |S|r
and thus |S| > χ(1)2 ≥ χ(1)2r = |S|
2
r as wanted. So, we can assume that S has no
r-block of defect zero. By Lemma 2.4, we consider the following cases:
(i) Case r = 3. If S is isomorphic to one of the sporadic simple groups in Lemma
2.4 (i), then the lemma can be checked using [7]. Now assume that S ∼= Alt(n)
for some n ≥ 7. Firstly, we know that |Alt(n)|3 < 3
n/2 for all n ≥ 7. Now for the
inequality |S| > |S|23 it suffices to show n! > 2 · 3
n. This latter inequality can be
proved using induction on n ≥ 7.
(ii) Case r = 2. Again, if S is one of the sporadic simple group in Lemma 2.4(ii)
or Alt(7), then the result follows by checking [7]. So, assume that S ∼= Alt(n)
with n ≥ 8. We have that |S|2 = |Alt(n)|2 < 2
n−1 and thus it suffices to show
that n! > 2 · 22n−2 = 22n−1. Now this inequality can be proved using induction on
n ≥ 8. 
We now give a proof of Theorem C. The proof is similar to that of Theorem 1 in
[4].
Theorem 3.2. Let p be a prime and let G be a finite group. If G has an irreducible
p-Brauer character ϕ ∈ IBr(G) such that ϕ(1)r′ ≥ |G : ker(ϕ)|r′ for some prime r,
then G/ ker(ϕ) is not a nonabelian simple group.
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Proof. Suppose by contradiction that G has an irreducible p-Brauer character ϕ ∈
IBr(G) such that ϕ(1)r′ ≥ |G : ker(ϕ)|r′ for some prime r but G/ ker(ϕ) is a non-
abelian simple group. Clearly, we can assume that ker(ϕ) = 1 and thus ϕ(1)r′ ≥ |G|r′
where G is a nonabelian simple group.
We see that G has an ordinary character χ ∈ Irr(G) such that χ◦, the restriction
of χ to the set of p-regular elements of G, contains ϕ as an irreducible constituent.
Thus χ(1) = χ◦(1) ≥ ϕ(1) ≥ |G|r′. Thus |G|
2
r′ ≤ χ(1)
2 < |G| which implies that
|G|r′ < |G|r or |G| < |G|
2
r. However, this would contradict Lemma 3.1. The proof is
now complete. 
We now finally give a proof of Theorem D.
Theorem 3.3. Let p be a prime and G be a finite group. Then ϕ(1)p′ ≥ |G : ker(ϕ)|p′
for all ϕ ∈ IBr(G) with ϕ(1) > 1 if and only if G has a normal Sylow p-subgroup P
and G/P is abelian.
Proof. IfG has a normal Sylow p-subgroup P such thatG/P is abelian, then IBr(G) =
Irr(G/P ) contains only linear characters, so the ‘if’ part of the theorem follows.
Let P be a Sylow p-subgroup of G. We now work to establish the ‘only if’ part of
the theorem. Suppose that
(3.1) ϕ(1)p′ ≥ |G : ker(ϕ)|p′ for all ϕ ∈ IBr(G) with ϕ(1) > 1.
If P ✂G, then IBr(G) = IBr(G/P ) = Irr(G/P ) where G/P is a p′-group. Suppose
by contradiction that G/P is not abelian. Then we can find χ ∈ Irr(G/P ) with
χ(1) > 1. By our hypothesis, we have
χ(1)p′ = χ(1) ≥ |G/P : ker(χ)|p′ = |G/P : ker(χ)|.
Notice that χ is a character of (G/P )/ ker(χ) so the previous inequality occurs only
when χ(1) = 1, a contradiction. Thus G/P is abelian as wanted. Therefore, it suffices
to show that P ✂G.
Suppose by contradiction that P is not normal in G. Since Op(G) is contained in
the kernel of every irreducible p-Brauer character of G, we can assume Op(G) = 1.
(1) G has a unique minimal normal subgroup N and PN ✂ G. Moreover, if N is
nonabelian, then CG(N) = 1. Let N be any minimal normal subgroup of G. Observe
that every quotient of G satisfies (3.1). Thus G/N has a normal Sylow p-subgroup
PN/N hence PN ✂G. Suppose that G has two distinct minimal normal subgroups,
say N1 and N2. Then PNi ✂ G for i = 1, 2. Argue as in the proof of Claim (1) of
Theorem 2.6, we get a contradiction. Thus N is the unique minimal normal subgroup
of G. It follows that if N is nonabelian, then CG(N) = 1.
(2) Since G/N has a normal Sylow p-subgroup, if ϕ ∈ IBr(G/N), then p ∤ ϕ(1) by
Theorem 5.5 in [13]. Therefore, if β ∈ IBr(G) with p | β(1), then N is not contained
in ker(β) which implies that β is faithful. Notice that such a character β exists since
P is not normal in G.
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Now let β ∈ IBr(G) with p | β(1). Then ker(β) = 1 so β(1)p′ ≥ |G|p′ by (3.1),
hence β(1) ≥ |G|p′β(1)p. Now let χ ∈ Irr(G) be such that β is a constituent of χ
◦,
the restriction of χ to the p-regular elements of G. Then χ(1) = χ◦(1) ≥ β(1) and
χ(1)2 < |G| so |G| > |G|2p′β(1)
2
p which implies that
(3.2) |G|p/β(1)
2
p > |G|p′.
We now consider the following cases.
(3) N is a p′-group. As in the proof of Claim (2) of Theorem 2.6, P acts faithfully
and coprimely on N . Now argue as in the proofs of (3) and (4) of Theorem 2.6
again, either G has a faithful irreducible character ϕ ∈ IBr(G) with ϕ(1)p > |P |
1/2
or ϕ(1)p = |P | depending on whether N is abelian or not. In both cases, we have
ϕ(1)p > |P |
1/2 and thus ϕ(1)2p|G|p′ > |G|p|G|p′ = |G| ≥ |G|p, contradicting (3.2). So
this case cannot happen.
(4) N ∼= Sk for some integer k ≥ 1 and some nonabelian simple group S with p
dividing |S|. From (1), we know that G embeds into Aut(N) = Aut(S) ≀Sym(k). Let
B = G ∩ Aut(S)k. Then there exists a transitive subgroup H of Sym(k) such that
G = BH where B ∩H = 1 and N ✂ B ✂G with B/N ≤ Out(S)k.
Let θ ∈ IBr(S) with p | θ(1). Such a character θ ∈ IBr(S) exists since p | |S| and
S is nonabelian simple. Now let λ = θk ∈ IBr(N) and let ϕ ∈ IBr(G) be lying over
λ. Then ϕ(1)p ≥ θ(1)
k
p.
We now estimate the p-part of the order of G. We have that |H|p < p
k/(p−1) since
H ≤ Sym(k) and |B|p ≤ |Aut(S)|
k
p so |G|p = |B|p · |H|p < |Aut(S)|
k
p · p
k. Thus
|G|p/ϕ(1)
2
p < |Aut(S)|
k
p · p
k/θ(1)2kp .
Obviously, we have that |G|p′ ≥ |N |p′ = |S|
k
p′ and thus to obtain a contradiction to
(3.2), it suffices to show that |Aut(S)|kp · p
k/θ(1)2kp ≤ |S|
k
p′ or equivalently
(3.3) p|Aut(S)|p/θ(1)
2
p ≤ |S|p′.
By Theorem 2.5, there exists β ∈ IBr(S) such that |Aut(S)|p < β(1)
2
p or p =
3, S ∼= Alt(7) or p = 2 and S ∈ {M22,Alt(22),Alt(24),Alt(26)}.
(i) Assume that |Aut(S)|p < β(1)
2
p for some β ∈ IBr(S). Taking θ = β, we have
p|Aut(S)|p/θ(1)
2
p < p. Moreover, we know from Lemma 3.1 that |S| > |S|
2
p ≥ p|S|p
so |S|p′ > p and hence (3.3) holds in this case.
(ii) Assume p = 3 and S = Alt(7). In this case, there exists θ ∈ IBr(S) with
θ(1)p = p and that |Aut(S)|p = p
2. Therefore p|Aut(S)|p/θ(1)
2
p = p < |S|p′ = 280.
Thus (3.3) holds in this case.
(iii) Assume p = 2 and S ∈ {M22,Alt(22),Alt(24),Alt(26)}.
Assume first that S ∼= M22. Then S has a character θ ∈ IBr(S) with θ(1)2 = 2 and
|Aut(S)|2 = 2
8. So p|Aut(S)p|/θ(1)
2
p = 2
7 = 128 < |S|p′ = 3465.
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Assume S ∼= Alt(22). Then |Aut(S)|2 = 2
19 and S has an irreducible p-Brauer
character θ which is the restriction of D(19,3) to S with θ(1)2 = 2
5. So
p|Aut(S)|p/θ(1)
2
p = 2
10 < |Alt(22)|2′.
The remaining two cases can be argued similarly. 
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